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1 Introduction 

1.1 Motivation, definition and basic facts 

In algebraic quantum field theory, endomorphisms of operator algebras play 
important role 5 . We have shown in |S1 [51 HD] , the branching laws for endo- 
morphisms of the Cuntz algebra On with respect to permutative representa- 
tions by [B [3l [4] , and shown properties and classifications of endomorphisms by 
branching laws. 

When I gave a talk on this in Kyoto, September, 2004, 1. Ojima asked me 
a specific question of what is the tensor product of representations of Oat. This 
is indeed impossible to answer in the usual sense because nobody knows the 
"canonical" (or suitable) embedding of On into Cat ® On- By [11], it is known 
that O2 = O2 (E) O2 . However it seems that the property of such map is not easy 
to study because we can not find concrete formulae of this isomorphism with 
respect to canonical generators of O2 ■ Hence we give up to use such isomorphism 
in this study and we consider other possibility. For this purpose, we begin to 
review the definition of tensor product in group theory. 

By the diagonal embedding ip of a group G into G x G, we obtain the 
representation tti (g)^ 712 of G by 

TTl (gD^ TT2 = (tTi ®TT2)o(p 

from the tensor representation tti ® 7r2 of G x G for representations tti and tt2 of 
G. The representation tti (S)ip it2 is usually called the tensor product of tti and 
7r2 simply. The associativity and the distribution law with respect to the direct 
sum for (E)^p is assured by the property of Lp. Because tti (g)^p 712 and 7r2 'S>ip tti are 
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equivalent, this tensor product is called symmetric (or commutative). If there is 
other embedding tp oi G into G x G, we can define another composition of two 
representations of G by and its property also depends on the choice of 1^9 . In 
this sense, there may exist other tensor like structure among representations of 
G. According to this idea, we define a kind of tensor product of representations 
of Cuntz algebras as follows. 

For 2 < A^, Af < 00, let ii, . . . , t^f , ri, . . . , tm and si, . . . , snm be canonical 
generators of On, Om and Onm, respectively. Define the unital ^-embedding 
(fN,M of Onm into On Om by 

ipN,MisM{i-i)+j) =U(E)rj (i = 1, . . . , TV, j = 1, . . . , M). (1.1) 

Then the following diagram is commutative for each N, M, L > 2: 

Vn,ml _ On® Oml idN®VM,L 



On ML On ® Om ® Ol 

~~^PNMj^^^ Onm ® Ol ^^'^^Tj^idL 
In other words, the following holds on Onml- 

(idjV ^ VM.l) o VN.ML = iVN.M ® ^^l) o ipNM.L- (1-2) 

We call this property the weak co-associativity of the family ip = {ipN,M '■ 
N,M > 2}. Define KepON the class of all unital ^-representations of Oat. For 
the family (p, we introduce the following operation ®^p. 

Definition 1.1 For (7ri,7r2) G RepO^v x RepCAf; the ip-tensor product tti iJJ^ 
7r2 e RepOjvA/ o/tti and 1x2 is defined by 

TTl (8)^ 7r2 = (tTi (g) 712) O (^jV,A/f- (1-3) 

For TTi, 7r2 G RepOAr, we denote tti ~ 7:2 if tti and 7:2 are equivalent. 

Lemma 1.2 For ni,TT^ e RepON, t^2,'^2 ^ RepOA/ and tts e RepOi, i/ie 
following holds. 

(i) //VTI ^ TTj flKC? 7r2 7r2, t/ien TTi ®ip 7r2 ^ TT]^ 7r2. 
(ii) TTl (g)^ (7r2 © 7r2) = TTi (g)^ 7r2 ® TTi g);^ 7r2. 

(iii) TTl g)^ (7r2 g)ip TTa) = (tti g);^ 712) g);^ tts. 

Lemma rOl fi) and (ii) are easily verified. The statement (iii) is derived from the 
weak co-associativity of Lp in (|1.2p . By Lemma 11.21 (iii) , we can use a notation 
7r„ for TTl, ... , 7r„. 
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We show a relation between the permutation of the order of the tensor 
product and automorphisms as follows. For N,M > 2, define the bijection 
^jv,M from X = {I, . . . , N} X {I, . . . , M} onto {1, . . .,NM} by 

0w,Af(a,6) = M(a-l) + 6 i{a,b) e X). (1.4) 



Theorem 1.3 For Ni,...,Nn > 2 with n > 2, let M = Ni ■ ■ ■ iV„ and Y, = 
{1, . . . , Ni} for i — 1, . . . ,n. For a permutation a G &n, define 

TaA = '/>Ar„(i)---Af„(i_i).Ar„(i) (« = 2, . . . , n.) 

For (ii,...,in) e y = li X • • • X y„ and a G (S„, define [ii, . . . , i„]o. G 
{!,..., Af} 62/ 

[Zl, . . .,in\cr = {t<j,„ O (rc,,„_i X irf) O • • • O (T0-.2 X id)}(i<:r(l), • ■ • , V(«))- 

Fora,r] G ©„, define the automorphism aa-^r] of Om by 

afT,r,(s[ii,...,i„]J = S[ii,...,i„]^ ((«!, . . . G 3^). 
T/ien /or any tt^ G RepOjVi i = 1, . . . , 71, the following holds: 

We summarize results here. Remark that tti, 712, tti ®^ 7:2 in Definition ll.il 
are representations of different algebras in general. This differs from the tensor 
product in group theory. By Lemma [Ol (i), (8>^ is well-defined on the set of 
equivalence classes. Especially tti 7^2 is unique up to unitary equivalence. 
By Lemma 11.21 fii) and (iii), 0^ is associative and distributive with respect to 
the direct sum. By Theorem 11.31 tti 1:2 and 1:2 ®ip tti are not equivalent in 
general because Uid^a is outer when a ^ id. This is different from the situation 
of quantum groups with i?-matrix [B]. We show concrete examples such that 
TTi ®^ 7r2 9^ 7r2 TTi in § 14.11 It seems that the definition of ®^ is artificial, but 
®^ satisfies ingredients of tensor product except its commutativity. Further- 
more, the decomposition formulae associated with ®^ is explicitly computed on 
permutative representations in the next subsection. 

1.2 Tensor product of permutative representations 

In this paper, any representation, embedding and endomorphism are assumed 
unital and ^-preserving. 

Definition 1.4 Let si, . . . , sn be canonical generators of On and let (7i, tt) be 

a representation ofO^- 

(i) (7Y,7r) is a permutative representation of On if there is a complete or- 
thonormal basis {e„}„gA of TL and a family f — {fi}f^i of maps on A 
such that 7r(si)e„ = ^Si(n) for each n G A and i = 1, . . . , N . 
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(ii) For J = (j;)f=i ^ {li • • • ; -^j'^j Pn{J) is a class o/(7Y,7r) with a unit 
cyclic vector fl G Tl such that TT{sj)n = and {vr(sj, • • •Sjj.)f^}f^i is an 
orthonormal family in 7i where sj = Sj^ ■ ■ ■ s^^ . 

(iii) Let {1, . . . , N}°^ EE {(i„)„eN : for any n, i„ £ {l,...,iV}}. For J = 
Un)neTSi £ Pn{J) is a class of (7i, tt) with a unit cyclic 
vector E Ti. such that {tt{sj^^^)*D, : n G N} is an orthonormal family in 
H where J(„) = (ji, . . . , j„)- 

The vector 17 in both (ii) and (iii) is called the GP vector of (T-1,tt). 

A representation {H,tt) is a cycle (chain) if there is J £ {1,...,A^}'' {resp. 
J e {1, . . . , N}°°) such that (7i, tt) is Pn{J)- We review results of permutative 
representations [U [3l [4l [7]. Any permutative representation is uniquely de- 
composed into cyclic permutative representations up to unitary equivalence. 
Any cyclic permutative representation is equivalent to Pn{J) for a certain 
J e {1,...,N}* = IJfc>i{l, . . . , U {1, . . . , N}^. For any J, Pn{J) ex- 
ists uniquely up to unitary equivalence. 

Theorem 1.5 For the operation in H.3\) . the following holds. 

(i) // both TTi and 7r2 are permutative representations, then tti tt2 is also a 
permutative representation. 

(ii) // both TTi and 7r2 are cycles, then tti (E)^ 1^2 is a direct sum of cycles. 

(iii) // TTi is a permutative representation and 1x2 is a chain, then tti ®^ 1x2 is 
a direct sum of chains. 

By Lemma 11.21 (i) and Theorem 11.51 (i), the tensor product of permutative 
representations is decomposed into cyclic permutative representations uniquely 
up to unitary equivalence. Hence, the decomposition formula of tensor products 
makes sense. 

In order to show more detail, we prepare several notions of multiindices. 
Define {1, . . . , N}\ ^ U,>i{l, . . . , TV}'^ and {1, . . . , TV}* = Ufc>o{l^ ■ ■ • . ^}': 
{1,...,7V}" = {0}. The length \ J\ of J e {l,...,iV}# is defined by |J| = 
k when J e {l,...,iV}^ For Ji, J2 e {l,...,iV}* and J3 £ {1, . . . , 7V}°°, 

J1UJ2 = {ji,...,jk,j'i,--^-,j'i), J1UJ3 = {ji,...,jk,ji,j'2,---)iorJi = {ja)a=l, 

J2 = {jb)b=i and J3 — (j„)„gN- Especially, we define J U (0) = (0) U J = J for 
convention. For J e {1, . . . , N}* and k > 2, j'^ = J U ■ ■ ■ U J {k times). 

For a,6 G N, we denote the greatest common divisor and the least com- 
mon multiple of a and b by gcd(a, 6) and lcm(a, 6), respectively. We generalize 
lcm(o, 6) as lcm(a,6) = 00 when a = 00 or 6 = 00. In order to describe the 
decomposition formula, we introduce two products among multiindices. For 
K = {ki)f^^ G {1, • • ■ , N}" and L = (^k)f^^ G {1, . . . , M}" with 1 < a < 00, 
define KL^ ix^)'^=i £ {1, ■ • • , NM}'' by 

Xi = M{ki ~ 1) + li {i — l,...,a). 
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For K € {1, . . . , N}", L G {1, . . . , M}^ and C = lcni(a, b), define K * L G 
{1,...,7VM}C by 

' if™! • L™^ (a, 5 < oo, mi EE C/a, ma = C/b), 
K*L=l K ■ L°° {a = oo,b<oo), 

K ■ L {a = b = oo). 

When representations tti and 7r2 are Pn{K) and Pm{L), we denote tti (8);^7r2 by 
PjvW (S)^Pm{L) simply. 

Theorem 1.6 //Xe {1,...,7V}° and L = {Ijfj^i e {1,...,M}^ i/ien 

gcd(a,6) 

Pnm{K*L^'^) {a,b<^), 



Pn{K) ®^Pm{L) = <^ 



^Pj,m{K*L(^) 
1=1 

^Pnm{K*L^'^) 



(a = oo, 6 < oo), 
(a — b — oo) 



where L*-*' = (Z^, . . . , 4, ^i, • • ■ , ^i-i) w^/ien 6 < oo anrf L*^*' = for 1^ = Ij^i 

when j + i > 1 and Ij = 1 when j + i < 0. 

In § [21 we prove Theorem II. 3[ Theorem 11.51 and Theorem 11.61 In § O 
we define a tensor product among certain endomorphisms and states. In § 31 
we show examples and an application of Theorem 11.61 In § 14. 2[ we give two 
inequivalent endomorphisms of and show that they are irreducible and do 
not have inverse. 



2 Proof of Theorems 

For TV > 2, let On be the Cuntz algebra [2], that is, a C*-algebra which is univer- 
sally generated by generators si, . . . , sa? satisfying s*Sj — SijI for i, j = 1, . . . , iV 
and sis* + • • • + sats^ = /. 

Proof of Theorem \1.3[ Let t\ \ . . . be canonical generators of Oat. and 
let {HiyTTi) E RepOAT. for i = l,...,n. For a G ©„, define 11^ = T^crii) ®ip 
•■■ ®v T^^yin), K^a = Hail) ® ■■■ ® Hain), D„ = Ow^d) ® ■■■ ® CAf„(„) and 
$o-(s[ji,....i„]„) = ^i^a?^*^' ' ■ ^'^''^ ^ ®ni define the unitary [7^,1) from 

/C,, to /Cct by Ua^^{vr^{i)® - ■ •®w^(„)) EE Va{i)® - ■ ■®Vcr{n) for Vi® - ■ -^Vn G ICid and 
define the map t„^^ from D^j to by Ta,jj(xrf{i)®)- ■ •(8'x^(„)) = Xcr(i)®) - ■ ■®x„(n) 

iOTXi®---®Xn e Did- Then 7r^(i)(8)- • -(gj-TT^fn) ^ AdUa,n°{'^r,{l)®- ■ ■®'^ri{n))°Tn,a- 
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and Tn^a ~ o a,,,cr. Then we see that = [T^a(i) ® • • ■ ® T^ain)) o $(j = 
KdUa,ri o o Hence the statement holds. | 

Especially, the following holds. 

Corollary 2.1 For (?ii,7ri) G RepOAr and {0.2, 7^2) G RepOM, define a G 
AntONM by a{sNi^j_i)+i) = SM(i-i)+i for i = 1, . . . ,N and j = 1,..., M, and 
define the unitary U from Hi (E> 7^2 to 'H2 (S> tLi hy U(x®y) = y®x for x £ Tii 
and y G 0.2. Then the following holds: 

^2 TTi = kdU o (tti iSiip 712) o a. 

In this sense, the transposition of tensor product is understood by the permuta- 
tion of canonical generators of Onm up to unitary equivalence. In consequence, 
TTi ®ip 7^2 ~ TT2 ®ip T^i OH thc fixcd-poiut subalgcbra (Ojvm)"- 

Let (7Y,7r) be P/v(J) with thc GP vector H. for J — (ji, . . . ,jk)- Define 
rii, . . . , rife e H by Hi = 7r(sj. • • • Sjjfl for i = 1, . . . , k. We cah {f^ijJUi the 
cycle of vectors of {H,tt). Let {Ti,Tr) be Pn{J) with the GP vector for J = 
(jn)rieN- Define the family {r2„}n6N of vectors in Ti by ri„ = 7r(sjj • • • Sj„)*r2 
for n e N. We call {rinjnGN the chain of vectors of {H, n). For a subset S' of a 
Hilbert space 7i, we denote the orthogonal compliment of 5 in TC. 

Proof of Theorem \1.5\ (i) By definition of the permutative representation and 
the tensor product in (|l.ip . statement holds. 

(u) Let {TLi^-Ki) and (7^2, 7r2) be Pn{J) and Pm{K), and let rii,...f2a and 
^i, . . .ili^ be their cycles of vectors. Define = fi^ (g) fi^- for i = 1, . . . , a 
and j = l,...,b. Then for any i,j, there are c > 1 and L £ {l,...,!/}"^ 
such that (tti (g)^ 7r2)(sL)r2ij = On the other hand, there exist neither 

cycle nor chain in both {fii, . . . , f^a}^ and {fli, . . . , il^}^ with respect to tti 
and 7r2, respectively. This implies that there exist neither cycle nor chain in 
{ili J : i = 1, . . . , a, j = 1, . . . , fe}"*". In consequence, the statement holds, 
(iii)' (a) Let J e {!,.. .,iV}'^ and e {1, . . . , Af }°°. Let (Hi,7ri) and (7^2,7r2) 
be Pn{J) and Pm{K) and let fii, . . . fia be cycles of vectors of tti and ri„, n g N 
be chain of vectors of 7r2. Define fi^ j- = £7^ ® fi^ for i = 1, . . . , a and £ N. Then 

for any i, j, there are « , j and i £ {1, . . . , Af}'^ such that (tti 7r2)(s2)ili.j 7^ 
rij' ji . On thc other hand, there exists neither cycle nor chain in {ili, . . . , ^a]^ 
and 7^2 has a chain {r2„ : n £ N} and does not have cycle. This implies that 
there is neither cycle nor chain in {{Vli : j = 1, . . . , a} (8) Ti.2)^ ■ In consequence, 
the statement holds. 

(b) For J, if £ {1, ... , A/}°°, the statement holds by the similarity of (a). | 

Proof of Theorem \1.6\ We identify Onm as a subalgebra (Pn.m{Onm) of On ® 
Om- Let c = gcd(a,6), C = lcm(a,6), mi = C/a and m2 = C/6. Let (7ii,7ri) 
and (7^2, 7r2) be Pn{K) and Pm{L) with GP vectors fii and O2, respectively. 
Define 11 = tti ®„ 7r2 and IC = Ti.i® Ti.2- 
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Assume that a,b < oo. Define 

Ui = Tri{tkr--tka)^i, Vj = TT2{ri. ■ ■ ■rijn2, Wi^j=u,®Vj 
for i = 1, . . . , a and j = 1, . . . , 6. Then 

1Tl{tK)ui ^ Ul, TT2{rL(,))Vi ^ Vi = 

By assumption, W = {wij : (z, j) G {1, . . . , a} x {!,..., b}} is an orthonormal 
family in JC and there exists neither cycle nor chain of vectors in W'^ . Therefore 
it is sufhcient to check cycles in W with respect to 11 by Theorem 11.51 (ii). 
Because Il{sM{t-i)+j) = 7ri(ti) ®n2{rj), n(s/^,i(i)) = 7ri(i/<-)'"i ® 7r2(ri(i) . 
These imply that 

n(s/^,L(i))wi^i = wi^i (i = 1, . . . ,c). 

Define Vi = Il{ONM)wi,i for i — l,...,c. For x,y G N, let w^^y = Wij if 
X = i mod a and y = j mod 6. Then u'2,i+i, ■ • ■ , wi+c-i,i+c-i belong to 
Vi and they are orthogonal. From this, W C Vi (B ■ ■ ■ (B Vc- This imphes that 
/C = Fi © ■ • ■ © Vc and (yi,n|yj is Pnm{K * L^*)). Hence the statement holds 
for this case. 

Assume that a ^ oo and b < oo. Define 

Ul=ill, Ui = TTlitki ■ ■ ■tk,_i)*^l, Vj=TT2{ri.---ri^)Vt2, Wi^j =Ui(g)Vj 

for z > 1 and j — I, . . . ,b. Then 7r2(r^(i) )vi = Vi for z = 1, . . . , 6. By assumption, 
= {wij : z > 1, J G {1, ■ • ■ ,b}} is an orthonormal family in K. and there 
exists neither cycle nor chain in W-^. Therefore it is sufficient to check chains 
in W with respect to 11 by Theorem 11.51 fiii). Denote K * L^*^ = {di,j)JLi ^'^'^ 
(L(«))°° = il'i.j)f=i- Then = M(/cj - 1) + ^-j. These imply that 

n(sd.,i ■ ■ • S(ii,„J*u'i,i = wi+mfc,i (z = 1, . . . , 6, m > 1). 

Define Vi = Il{ONM)wi^i for z = 1,...,6. For x,y G N, let Wx,t/ — w^.j if 
y = j mod 6. Then t(;„_„+i„i belongs to Vi for rz > 1 and they are orthogonal 
and Wn,n+i-i+bm = Wn,n+i-i for cach 11, m > 1 and z = 1,...6. From this, 
W C Vi ® ■ • ■ © Vb. This implies that K. = Vi © ■ • ■ © Vj, and (Fi,n|yJ is 
Pnm{K * L*^*^). Hence the statement holds for this case. 
Assume that a = b = oo. Define 

ui=f2i, u„ = 7ri(tfcj ■ • •ifc„„J*fii (rz>2), 

Wm = 7r2(ni • ■ •n,„_i)*f^2, 1^1=1^2, l'-m+2 = 7r2 (r™" ^ )f^2 , (to>2), 
W„,m =Un®Vm ((zz, m) G N X Z). 

By assumption, W = {wn,m '■ {n, m) G N x Z} is an orthonormal family in /C 
and there exists neither cycle nor chain in . Therefore it is sufficient to check 
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chains in W with respect to 11 by Theorem ll.51 fiii). Denote K^L''^^ — {di^j)^^^ 
and (L('))°° = Then d,j = M{kj - 1) + These imply that 

n(sd.,i ■ • ■ S<ii,,„)*Wi,i+i = Wi+rn.l+i+7n {{hm) G Z X N). 

Define Vi = I{{ONM)wi.i for i e Z. Then Wn,n+i belongs to for n > 1 and 
they are orthogonal. From this, W C ©^gz Vi- This implies that /C = ©jgz Vi 
and (Vi,n|vJ is Pnm{K * L^'^). Hence the statement holds for this case. | 



3 Tensor product of others 

We introduce a tensor product among certain endomorphisms and among states 
such that it is compatible with the (/j-tensor product in (|1.3p . 

3.1 Tensor product of endomorphisms 

Let Vn,i = (C^)®' and let {ej^li be the standard basis of C^. Define e,j = 
£ji (E" • • • (8> for J = (ji, . . . ,ji) £ {1, . . . , Ny. Define U{N, I) the group of 
all unitaries on Vn^i with respect to the standard inner product (-j-) of V^v.i- 
For g e U{N, I), define gjK = (£j| g£K) for J, K e {I, . . . , N}' and define the 
endomorphism tjjg of On by 

lPg{s^)=UgS^ {i=l,...,N) (3.1) 

where Ug = J2jkg{i Ny 9JkSj{sk)* ■ This ■03 is called the generalized per- 
mutative endomorphism of On by g [51 HU]. Especially, if 5 G U{N, 1) = U{N), 
then tfjg is the canonical J7(7V)-action on On- 

Let denote EndOAr the set of all endomorphisms of Ojv- For pi G EndOAr, 
P2 G EndOM and (pN,M in (jl.ip . consider (pi ig) P2) o '/'at.m G Hom(C'jvM, On ^ 
Cm)- Remark that {{pi (g) /92) ° '/'at.mKCatm) is not a subset of ipN,M(,ONM) 
in general. 

Proposition 3.1 (i) If g £ U{N,l) and h G U{M,k), then {{tpg » ^h) o 

<y'A',A/}(C^JVA/) C ^N,]\i{Onm)- 

ill) For g G C/(A^, I) and h G [/(M, k), define tpg ®^ iph G EndOjvA/ &2/ 

V'g l^i^ V'/i = (y'W.Af)^^ O (0g "X) 0h) O "^AT.A/- (3.2) 

Then there exists g G U{NM, m) for m = max{^, k} such that tpg (Eiip tph = 

(iii) Let un be the canonical U{N)-action on On- For g — {gij) G U{N) and 
h = {h,j) G U(M), 

OlN.,g ®Lp aM,h = OlNM,g*h 

where g * h = {{g * h)a,b)a.bLi & U{NM) is defined by 

{g * h)M{k-i)+i,M{i-i)+] = 9kihi-j (i. A: = 1, . . . , TV, j, ; = 1, . . . , M). 
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(iv) For I > I, define 

UENj = {i^g:geU{N,l)}. 

For h,l2,h e N, if pi e UEn^i^, p2 £ UEmm and P3 £ UElj^, then 
Pi ®v {P2 ®v Ps) = (pi Pa) ®v P3- 

(v) For any tti G RepO^v, '^2 G RepOAf, pi G UE^.i and p2 G UEm,i, 
(tti 7r2) o (pi ®^ P2) = (tti o Pi) ®^ (712 o P2). 

Proof. Let ii, . . . , tA?, ri, . . . , ta/ and si, . . . , sata/ be canonical generators of 
On, Om and Onm, respectively. When I = k,we see that Ug®Uh £ ^n,m{Onm)- 
Define [/ = if^^M^'^g ® '"'i)- Then (V'g (8),^ ■^h){si) = J/s^ for z = 1, . . . , iVM. 
Assume that m = I > k. Replace h by h ^ U{M, I) defined hy h = h ® I . 
Then = u/j and t/)^ = t/^/i. Hence Ug ® Uh = Ug ® uj^ E ^Pn.m{Onm)- Define 
^ = '^7v!m(% ®Uh)- Then 

ipN.MiU) = Ug (g)U}^= ^ ^ gjKhpQ ■ tjt*j^ (gjrprg. 

J,KG{l,...,Ny P,Qe{l,...,Aiy 

Define 

(l>N.M{hj) = Mil - 1) + j, cj)M,M{J-K) = {(t>N,Mijl,ki), ■ ■ ■ ,4'N,Mijm, km)) 

for J = e {!,..., iVr and K = (fci,...,A:™) G {!,..., M}™. 

Because (pN,Mi^'pN,Mii,j)) = ® 

«) rpr^ = '/'JV,M(s^„.M(J,P)S^„.M(if,Q))- 

From this, we see that 

{ipg ®v V'/i)(sA/(-i-l)+j) = UsM(i~l)+j = 1, ■ • ■ j = 1, • ■ -^M). (3.3) 

By definition of J7, (i) is shown. 

On the other hand, define g X(f,h = {{g h)jK) G U(NM, m) by 

(5 X0 'l)0iv,M(J,P),0jv,M(K,Q) = gjKhpQ {J,K £{1,..., 7VM}™). 

Then we can verify that U — Ugx^h- By (j3.3p . ?7 is a unitary in Oj^m and 
■iAg ®v = '^gx^h- Hence (ii) is proved. As the similarity, it is shown when 
k < I. The statement of (iii) is the case {l,k) = (1,1). (iv) is verified by the 
weak co-associativity of (v) holds by definition. | 

By Proposition [3?l] (ii), if P and p are generalized permutative endomorphisms 
of Cjv and Om, respectively, then p ®^ p is also a generalized permutative 
endomorphism of Onm- Furthermore UEn.i ®ip UEm.i C UEnm,i for each 

;>i. 
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3.2 Tensor product of states 

Let denote {On)* the set of all bounded linear maps on O^- For (/, .g) G 
{OnT X {OmY, define / ®^ <? e (Onm)* by 

f ®v 9 = {f ® 9) ° fNM- 

By the weak co-associativity of {<fN,M}N.M>2, if <E)^ g) (S)^ h = f (g)^ (g ®^ h) 
for each / G (On)* ,g G and £ (Ol)*- Especially, if / and g are states 

of On and Cm, respectively, then / g is also a state of Oatm because ipN,M 
is unital and ^-preserving. Let(7ii,7ri) and (Ti.2,T^2) be representations of On 
and Oa/, respectively. For vector states uji and lu2 of Oat and Cm defined by 
uji — (ili|7ri(-)ili) and lu2 — {^2\'^2{')^2) , we see that 

(Oi (g) ri2|(7ri (g)^ 7r2)(-)(f^i ® ^^2)) = ^1 ^2- 

In consequence, the (/3-tensor of two vector states is also a vector state. 

4 Example and application 

We show examples and an application of Theorem 11.61 
4.1 Example 

For any i e {I, . . . ,N} and j e {I,..., M}, 

Pwii) ®^ PmU) = Pnm{M{i - 1) + ]). 
For example, when N = M = 2, 

P2a) ®^ P2{1) = P4il), ^2(1) ®^ ^2(2) = P4(2), 
P2(2) 0^ P2(l) - P4(3), P2(2) (g^ P2(2) = P4(4). 

By Theorem 2.7 (iv) in [8], P2(l) 0^ P2(2) = P4(2) 9^ P4(3) = P2(2) (g^ P2(l). 
Hence (^^ among representations is not symmetric in general. 
Forz,j e {l,...,iV} and G {1,...,M}, 

Pat (ij) (E):p Pm (ij) = Pnm (M(i - 1) + / , M(j - 1) + j') 

®Pnm{M{i - 1) +/,M(j - 1) + z'). 

For a representation tt, we denote tt®^" the rt-times (^-tensor product of 
TT. By the induction method, we have the following. 

2"-i 

P2(12)«-"= 0P2.(i,2"-i + l) (n>l). 

Especially, this decomposition is the irreducible decomposition and multiplicity- 
free. For example, 

P2(12)®^3 ^ pg(^8) ^ pg(3g) ^ pg(27) © P8(45). 
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4.2 Application — Two endomorphisms of C4 

Let ^ be a unital C*-algebra A. An endomorphism p of ^ is irreducible if 
p{A) n ,4 = CI. Two endomorphisms p and p are equivalent if there exists a 
unitary u € A such that Adu o p = p . In algebraic quantum field theory [5], 
equivalence classes of irreducible endomorphisms are important. Wc show such 
examples. Let si, S2, S3, S4 be canonical generators of O4. 

Proposition 4.1 Define p,p G EndC'4 by 

p{si) = S23,l + S21,2 + Sl4,3 + Sl2,4, P(si)= 5324 + Sl4,2 + S31,3 + 

P{S2) = Sl3,l + ^11,2 + S24,3 + P(s2)= S41,l + '"^23,2 + ^42,3 + S24,4' 

Pisa) = S4ia + S43,2 + S32,3 + S34,4' P(*3) = Sl2,l + ^34,2 + Sii,3 + S33,4' 

p{s4) = S314 + S33_2 + S42,3 + S44.4' Pi^i) = '^21,1 + 843,2 + ^22,3 + ^44,4 

where Sij^k = SiSjs'^ for i,j, k — 1,2, 3, 4. Then the following holds. 

(i) P4(l) op = ^4(24) and P^il) op = P^iM). 

(ii) Both p and p are irreducible and not automorphisms. 

(iii) p and p are are not equivalent. 

Proof. Let ti,t2 be canonical generators of O2. Define ?/'i2,V'i3 G End ©2 by 

V'l2(il) = tl2,l+*ll,2, ■012(^2) =^2, ^13(il) = i21,l+tl2,2, V'lS (^2) = ^ 11,1 +*22,2 ■ 

We can verify that p = -012 <S>^ tpis and p = V'13 V'i2- 

(i) By Table II in f8^, P2(l)o'(/'i2 = ^2(12) and P2(l)o^i3 = ^2(2). From these, 

P4(l)op= (^'2(l)®^i'2(l))o(^i2®^?Ai3) (by Theorem [m 

= (P2(l)oi/'i2)«)^(^'2(l)oV'i3) (by Proposition ED (v)) 

= P2(12)§5^P2(2) 

= P4(24) (by Theorem [LH). 

In the same way, we obtain P4(l) o p = P4(34). 

(ii) Every P4(l), P4(24) and P4(34) are irreducible by Theorem 2.7 (iii) in [8]. 
Hence both p and p are irreducible by Lemma 3.1 (i) in [8]. 

Define ki, K2 G Aut04 by 

(ki(si), . . . , Kl(s4)) = (-S2, -Si, S4, S3), (k2(si), . . . , K2(s4)) = (-S3, S4, -Si, S2). 

Then ki o p — p and K2 o p — p, From these, p{04) C ©4^ / O4 and p{04) C 
04= ^ O4 where = {x G O4 : Ki(a;) = x} for i = 1, 2. Hence both p and p 
are not automorphisms. 

(iii) By Theorem 2.7 (iv) in ^, P4(l) op = P4(24) 7^ P4(34) = P4(l) o p. Hence 
p and p are not equivalent by Lemma 3.1 (ii) in [8 . | 



By the proof of Proposition 14. H V12 'S^ip ■013 ?^ V'i3 "012 ■ Hence (g),^ among 
endomorphisms is not symmetric in general. Examples of endomorphisms of 
On like p and p in Proposition 14. II are roughly classified in ^ for TV = 2, 3. 

Acknowledgement: The author would like to express my sincere thanks to 
Izumi Ojima for his interest in this topic. 
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